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20r-^-is  shown  to  bo  effective  in  reducing  the  force  transmitted  to  the 

plate  boundaries.  The  dynamic  absorbers  are  tuned  to  suppress  trans- 
missibility  at  the  fundamental  resonance  of  the  plate  of  concern, 
whereas  the  Imped  masses  become  effective  at  frequencies  above  this 
resonance  where  their  i^edance  predominates  that  of  the  plate. 
Utilization  of  the  circular  and  quadrant  plates  gTeatly  reduces  the 
number  of  plate  resonances  that  contribute  to  the  force  transmitted 
to  the  plate  boundaries.  Further,  when  machinery  is  supported  by 
four  antivibration  mounts  on  square  and  rectangular  plates,  the  number 
of  resonances  that  are  excited  can  also  be  reduced  significantly  if 
the  mount  locations  are  chosen  Judiciously^  However,  the  use  of 
other  mount  locations  can  yield  a large  number  of/pronqunced  Resonances 
in  excess  of  thoRe  excited  when  the  machinery  is  Supported  b yf  various 
arrangements  of  Right  antivibration  mounts— for  Which  transnissibility 
does  not  appear  to  change  greatly  with  the  chbic*  of  Wount  location. 
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ABSTRACT 

/ 

The  problem  of  isolating  machinery  vibration  from  platelike  sub- 
structures is  analyzed.  Simply  supported,  internally  damped,  square, 
rectangular,  and  circular  plates  are  considered,  as  are  rectangular  plates 
with  rigid  cross  members  that  divide  the  plates  into  separate  quadrants. 
Hie  machinery  is  supported  either  by  eight  or  by  four  antivibration 
mounts  located  symmetrically  about  the  plate  centers.  Hie  attachment 
of  dynamic  vibration  absorbers  or  lumped  masses  to  the  plates  at  each 
mount  location  is  shown  to  be  effective  in  reducing  the  force  transmitted 
to  the  plate  boundaries.  The  dynamic  absorbers  are  tuned  to  suppress 
transmissibility  at  the  fundamental  resonance  of  the  plate  of  concern, 
whereas  the  lumped  masses  become  effective  at  frequencies  above  this 
resonance  where  their  impedance  predominates  that  of  the  plate. 

Utilization  bf  the  circular  and  quadrant  plates  greatly  reduces  the 
number  of  plate  resonances  that  contribute  to  the  force  transmitted  to 
the  plate  boundaries.  Further,  when  machinery  is  supported  by  four 
antivibration  mounts  on  square  and  rectangular  plates,  the  number  of 
resonances  that  are  excited  can  also  be  reduced  significantly  if  the 
mount  locations  are  chosen  judiciously.  However,  the  use  of  other  mount 
locations  can  yield  a large  number  of  pronounced  resonances  in  excess 
of  those  excited  when  the  machinery  is  supported  by  various  arrangements 
of  eight  anti vibration  mounts— for  which  transmissibility  does  not  appear 
to  change  greatly  with  the  choice  of  mount  location. 
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INTRODUCTION 


Considered  here  is  the  resilient  aounting  of  a vibrating  item  of 

nachinery  of  aass  M on  platelike  substructures  that  have  been  node led 

as  thin,  siaply  supported,  square,  rectangular,  or  circular  plates  with 

saall  internal  daaping.  Also  considered  are  plates  that  have  been 

aodified  by  the  attachment  of  dynamic  vibration  absorbers  or  luaped  aasses 

at  each  aount  location — or  by  the  introduction  of  rigid  cross  members , 

which  divide  the  square  and  rectangular  plates  into  four  separate 

quadrants  that  are  free  to  vibrate  independently  of  one  another. 

The  itea  of  aachinery  is  supported  either  by  eight  or  by  four 

antivibration  aounts  that  are  arbitrarily,  but  symmetrically,  located 

with  respect  to  the  plate  centers.  The  aounts  have  complex  stiffnesses 
# 

K and  saall  internal  daaping  factors  governed  by  the  equation 


JC  - 1(1  ♦ jdK)  , 


(1) 


where  j • /T  and  K is  the  real  part. and  6K  is  the  ratio  of  the 
imaginary  to  the  real  part  of  K*.1  Mount  daaping  is  of  the  Solid 
Type  I;  that  is,  the  frequency  dependence  of  K and  is  assuaed 
to  be  negligible.2 

A vibratory  force  Pj  acts  vertically  on  the  mounted  itea  to  produce 
a total  vertical  force  Fj  at  the  plate  boundaries.  For  each  of  the 
plate  configurations  mentioned  in  the  foregoing,  transaissibility 
T ■ iPj/Pjl  has  been  calculated  in  terns  of  a frequency  ratio  ft  • w/<nQ  , 
where  w is  the  impressed  angular  frequency,  hereafter  referred  to 
•iqply  ss  frequency,  and  wQ  is  the  natural  frequency  of  the  aounting 
*r*ten  calculated  as  though  the  platelike  substructures  wore  ideally 
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rigid.  The  overmll  transnissibility  levels  nay  appear  to  be  low  at  high 
frequencies,  but  it  should  be  recognized  that  even  small  amounts  of 
vibratory  energy  can  excite  the  natural  modes  of  neighboring,  and  some- 
times of  distant,  platelike  structures.  Many  of  these  plate  modes  will 
be  efficient  radiators  of  unwanted  noise. 


1.  SQUARE  PLATES 

An  item  of  machinery  supported  by  eight  identical  antivibration 
mounts  on  a rectangular  plate  of  mass  Mp  and  sides  of  lengths  a and 
pa  is  shown  in  Fig.  1(a).  For  a square  plate,  the  parameter  u - 1.0. 

The  symmetric  mount  locations  are  specified  by  coordinates  Chlx«hly) , 
(h2x'h2y)  descxibe  th®  distance  of  two  adjacent  mounts  on  one  side 
of  the  machine  from  the  near  plate  corner,  which  is  taken  as  the  coordinate 
origin. 

The  force  transnissibility  T across  the  mounting  system  (Introduct- 
ion) can  be  expressed  as  follows: 


T • 


* * 
U V 


n — *- 

[1  - (oV  - w ] 


(2) 


where 


m m 

L L '♦k.-oix- v * r*»k..(h2x’ v • (5) 


k-1,3,5. . . m-1,3,5, . . . 


(1  - B ♦ C ) 

w = — — *- T" 

2((1  ♦ A )(1  ♦ C ) - (B  H 


(4) 
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»*  . lA*  ♦ 2B*  ♦ C*)  ♦ 2tAV  - (B*)2] 
2t(l  ♦ A*)(l  ♦ C*)  - (B*)2] 


(ft*)2  - fl2/(l  ♦ jfiK)  - (u/uo)2/(l  ♦ j5g) 


In  these  equations. 


i 


k*l|3f S| • • • 1 f 3|5| • • • 


* 

x (n  y 


j*  . Y'  Y'  ^ Va^lx'1*!/3 

^ * * * \ 
k-1, 3,5,...  *-1,3,5... . A J 


.*  . V V * »k..(h2x- 

• L,  L, 


k— 1,3,5, ...  is— 1 ,3,5,... 


x (fl  r 


* * 
_ 1 ♦ A - B 

- 1 T 

1 - B ♦ C 


♦fc  - *i»  kirOi^a)  sin  *ir(hiy/ya)  . (i  - 1,2)  , (11) 


X*  - kbV  - 1]  , 
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•nd 

• ^ ^j2'4 

where 


n a 


(13) 


Y - M/Mp  . (14) 

If  the  damping  factors  6£  and  6Q  associated  with  the  Young's  modulus  and 

shear  deformations  of  the  plate  material  are  equal,  as  may  realistically 
2-4 

be  assiaed,  then  the  Poisson's  ratio  of  the  plate  will  be  a real  rather 
than  a complex  quantity,  and  the  parameters  p and  q of  Eq.  13  describe 
the  real  and  imaginary  parts  of  the  parameter 

(n*a)  - na/(l  ♦ j«E)%  , (IS) 

• c 

where  n is  the  complex  wavenumber  of  the  plate.  It  can  be  shown  that 


and 


where 


P 


na 


ci  ♦ y 

2 Dg 


q ■ -na 


0 « y 
2 


Cl 


•4' 


(16) 


(17) 


(1«) 


CT BBKT 


7 

Finally,  the  frequency  ratio  ft  and  the  dimensionless  product  na  are 
related  as  follows: 


where 


ft  - 
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Nri  - IT  /h  * y2)/ 2y 


(19) 


(20) 


is  the  value  taken  by  (na/2)  at  the  fundamental  resonant  frequency  of 
the  unloaded  plate,  and 


E * “ll/wo  * (21) 

Odd  integral  values  of  k and  a appear  in  the  summations  of 

Eqs.  3 and  7-9  because  only  the  symmetrical  plate  modes  contribute  to 

plate  transmissibility.5  Whereas  forces  are  transmitted  to  the  plate 

boundaries  when  the  antisymmetric  modes  are  excited  (k  and  m even), 

the  net  upward  and  downward  components  of  these  forces  counter  one 

another  exactly.  Values  of  k and  m through  a range  of  at  least 

1-99  have  been  employed  in  all  summations  evaluated  here. 

When  the  item  of  machinery  is  supported  by  only  four  antivibration 

mounts,  as  in  Fig.  1(b),  hJx  ■ h^,  and  hly  ■ h2y,  so  that  Eqs.  7-9  for 
0 0 0 

A , B , and  C become  identical;  and  the  expression  for  transmissibility 
reduces  to 


* 9 * 

[i  - (n  r - yc  i 


(22) 


where 
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T 


OP 

Z 


16C6*)4  y.tyv 

iT2kmA 


and 


# 


5 


OP 

z 


00 

E 

m- 1 | 3)5} • • • 


4V.(IW 


(23) 


(24) 


Note  that,  for  the  system  of  Fig.  1(a),  the  natural  mounting  frequency  o>o 
(Introduction  and  Eq.  6)  is  defined  as 

c*>0  - (SK/M)5*  ; (25) 

whereas,  for  the  system  of  Fig.  1(b), 


uo  - 2(K/M)Js 


(26) 


Plotted  in  Fig.  2 are  the  results  of  transmissibility  calculations 
made  from  Eq.  2 for  a vibrating  machine  supported  by  eight  mounts  on  a 
square  plate  (y  ■ 1.0)  having  the  relatively  small  damping  factors 
6g  ■ ■ 0.01.  The  mounts  are  uniformly  spaced  such  that  h^x  - 0.2a, 

h2x  ■ 0.4a,  and  h^  ■ ■ a/3;  here,  and  subsequently,  the  mount  damping 

factors  <5j,  ■ 0.05.  The  mass  and  frequency  ratios  are  y • M/Mp  ■ 4 and 
S ■ ■ 4.  The  transmissibility  when  the  plate  is  ideally  rigid 

is  shown  by  the  dashed  curve.  Note  that  the  first  transmissibility  peak 
(solid  curve)  occurs  at  a smaller  value  of  the  frequency  ratio  ft  ■ u/uo 
than  unity  because  the  effective  stiffness  of  the  mounts  is  reduced  by 
the  plate  flexibility.  Again,  the  second  peak  occurs  at  a greater  value 


mmww  i iwran'n.u  ■ hj  r,  'wtiWiW 
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of  ft  than  4 because  the  natural  frequencies  of  the  plate  are  shifted  to 
higher  frequencies  by  the  springlike  constraint  exerted  by  the  mounts. 

The  transmissibility  curve  of  Fig.  2 is  characterized  by  many 
resonances  as  co^ared  to  curves  that  have  been  calculated  for  an  item 
of  machinery  supported  by  beamlike  and  modified  beamlike  substructures.5 
Furthermore,  the  curve  of  Fig.  2 is  typical  of  many  other  curves  that  have 
been  calculated  for  a variety  of  mount  locations.  For  example,  no 
advantage  existed  to  deploying  the  eight  mounts  in  circular  configurations 
of  different  radii  and  equal  angular  spacings  about  the  plate  center.  Nor 
could  customary  linear  mount  configurations  be  found  that  provided 
noticeably  reduced  numbers  or  levels  of  transmissibility  peaks. 

By  contrast,  judicious  choice  of  mount  locations  is  possible  when 
an  item  of  machinery  is  supported  by  only  four  mounts,  and  results  com- 
parable to  those  of  Fig.  2 can  be  obtained.  Unfortunately,  the  use  of 
other,  less  favorable,  mount  locations  can  then  greatly  increase  the 
extent  to  which  the  plate  resonances  are  excited.  This  is  evident  in 
Fig.  3,  which  relates  to  the  same  square  plate  as  before  and  to  four 
mounts  having  symnetrical  locations  specified  by  h^/a  ■ h ^/a  ■ 0.25. 

The  mass  and  frequency  ratios  y » £ ■ 4 remain  unchanged  in  value.  The 
transmissibility  curve  is  now  far  more  "spiky"  than  in  Fig.  2,  and  the 
plate  will  respond  more  strongly  than  before  to  the  amplitudes  of  the 
disturbing  frequencies  from  the  mounted  item.  However,  by  contracting  the 
mount  separation  until  h^/a  ■ h^/a  * 1/3,  the  transmissibility  curve  of 
Fig.  4 is  obtained  with  a smaller  density  of  resonances;  in  fact,  this 
judicious  choice  of  mount  locations  has  halved  the  number  of  plate  resonances 
that  are  excited.  Thus,  excitation  by  an  impressed  force  of  any  mode  of 
plate  vibration,  other  than  the  first,  can  be  avoided5  if  the  force  is 
located  at  any  point  on  a nodal  line  of  the  particular  mode  of  concern. 
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This  fact  has  been  used  to  advantage  in  the  present  situation,  where  each 
of  the  four  Mounts  is  located  on  nodal  lines  of  the  [(3,1), (1,3)],  (3,3), 
[(5,3), (3, 5)],  [(7,3,), (3,7)],...,  aodes,  which  ai.  no  longer  excited; 
rather,  only  the  following  sequence  of  syMnetrical  nodes  is  observed: 

(1,1),  [(5,1). (1,5)1,  [(7,1), (1,7), (5,5)],  [(7,5), (5,7)],...  . 

2.  CIRCULAR  PLATES 

Hie  possibility  has  been  examined  of  Mounting  Machinery  on  circular 
platelike  floor  areas.  Such  an  area,  for  exaaple,  could  be  supported 
around  its  periMeter  by  a rigid  circular  rib  and  be  separated  by  an 
expansion  joint  from  the  adjacent  floor  areas  of  the  square  or  rectangular 
machinery  roon  in  which  it  is  located.  This  situation  is  modeled  in 
Fig.  5(a),  where  a simply  supported  circular  plate  is  excited  symmetrically 
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<Wo  + W - V^OX1!  + XoAJl> 


L 2Joio-V(joii  + jiV 


(29) 


and  ft  is  again  given  by  Eq.  6 in  which 


ft  - (na' ) 2S/ (2 . 2325) * 


(30) 


As  bafore,  z ■ v where  is  now  tha  fundaaantal  resonant  frequency 

of  tha  circular  plate  of  aass  Mp.  In  addition,  y - M/Mp,  and 

* * a 

♦ - R /S  , (31) 


where 


R - H2A*.,  W.^)  - O *')(JoiYoX*/lRoJIoX)  I*.,  (JXI0  * W-a,1,] 

* * *C"**1)CI01)Jw;,CJ,R#-RlJ0)-"o'o»(.*.-) 

(32) 


and 


S*  - -4  AC4*,(J.I  + J I.)  - 2J  I 1 * 

a 1 ° 9 1 ° ° (n  a*) 


(33) 


In  these  equations,  such  abbreviations  as  Jo-  V V and  KoX  have  been  used 

* * 

to  represent  the  ordinary  and  aodified  Bessel  functions  JQ(n  a'),  Ij(n  a'), 
Yo(An*a'),  and  K0(ln#a');  in  addition 


A ■ 2/v 


(34) 


t 


(35 


♦a.  ■ (1  - v)/(n  a') 

where  v is  Poisson's  ratio.  All  Bessel  functions  have  the  complex  argu- 

* 

■ant  n a',  a dimensionless  product  that  is  given  by  Eqs.  15-18  in  which 
the  quantity  a is  currently  replaced  by  the  plate  radius  a*. 

Selection  of  the  values  X » 0.4714  and  0.7071  yields  mount  locations 
that  are  congruent  to  those  utilized  on  the  square  plates  considered  in 
Figs.  4 and  3,  where  h^/a  ■ ly/a  ■ 1/3  and  1/4,  respectively.  For  example, 
the  solid  transmissibility  curve  of  Fig.  6 has  been  calculated  from  Eq.  27 
with  the  mass  and  frequency  ratios  y ■ 5 * 4 and  the  plate  damping  factors 
fig  ■ fiQ  * 0.01,  as  before,  and  with  mount  locations  specified  by  the  value 
X » 0.7071.  Although  these  mount  locations  were  previously  associated  with 
a pronounced  resonant  response  of  the  square  plate  considered  in  Fig.  3,  only 
one- third  of  the  number  of  resonant  peaks  is  now  in  evidence.  Moreover,  the 
dashed  curve  of  Fig.  6 shows  how  the  mount  spacing  can  be  contracted  to 
avoid  the  excitation  of  the  second  syawtrlcal  plate  resonance;  thus, 
because  the  mounts  now  lie  on  the  single  nodal  circle  (for  which  X • 0.4414) 
accompanying  this  resonance,  the  normally  anticipated  transmissibility  peak 
(ft  s 25)  has  been  replaced  by  a broad  trough  of  significantly  lower  level. 

To  conclude,  it  should  be  recognized  that  a favorable  example  has 
been  considered  in  the  foregoing,  and  that  the  overall  reduction  in  the 
number  of  plate  resonances  excited  would  be  much  smaller  had  comparison 
been  made,  for  exa^ile,  between  transmissibility  curves  calculated  (1)  for  the 
judicious  mount  locations  chosen  on  the  square  plate  considered  in  Fig.  4,  and 
(2)  for  the  corresponding  mount  locations  (X  ■ 0.4714)  on  the  circular 
plate.  This  is  not  because  the  adoption  of  the  circular  plate  would  be 
ineffective  but,  rather,  because  the  judicious  choice  of  mount  locations  had 
proved  extremely  effective  in  the  first  instance. 
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3.  QUADRANT  PLATES 

The  possibility  of  mounting  machinery  on  divided  plates  has  also  been 
examined.  Thus,  in  Fig.  5(b)  a rectangular  plate  is  cut  by  expansion  joints 
into  four  identical  quadrants  that  are  supported- by  ideally  rigid  cross 
members.  Each  quadrant  is  assumed  to  have  siaply  supported  boundaries,  to 
be  free  to  vibrate  independently  of  the  other  three  quadrants,  and  to  be 
driven  solely  by  the  force  transaitted  by  a single  antivibration  aount. 

The  four  impressed  forces  of  Fig.  5(b)  are  assuaed  to  have  equal  aagnitude 
and  phase,  as  in  Fig.  S(a)  and  Sec.  2,  and  to  be  sywetrically  located. 
Because  the  quadrants  have  a fundamental  resonant  frequency  that  is  four 
tiaes  higher  than  that  of  the  undivided  plate,  the  vibration  levels  and 
the  transaitted  forces  at  this  fundamental  resonance,  and  at  higher 
resonances , will  be  reduced  significantly  because  the  antivibration 
mounts  will  have  greater  effectiveness  at  these  higher  frequencies. 

If  transaissibility  T is  defined  as  the  total  aagnitude  of  the 
output  forces  at  the  boundaries  of  the  quadrants  divided  by  a force  Fj 
impressed  as  in  Fig.  1(b),  and  if  the  quadrant  sides  have  the  lengths 
a'  » a/2  and  pa'  ■ pa/2,  then  it  can  be  verified  that 


T • 


XU 


[1  - (O')1  - Y«Vl 


(36) 


where  (T*)'  aad  (C  ) are  given  by  Iqs.  23  aad  24  in  which  0* 
have  been  replaced  by 
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■ sin  kir(h  ,/a')  sin  air(h  ,/ya') 
A / 


(38) 


In  Eq.  38,  the  coordinates  h , and  h , describe  the  distance  of  the  Mounting 
point  on  the  lower  left-hand  quadrant  plate  of  Fig.  5(b)  fro*  the  near  plate 
corner.  In  addition,  the  sumations  of  Eq.  24  now  encoapass  every  integral 
value  of  k,a  « 1,2,3,...,  the  parameter  ft*  is  defined  by  Eq.  6 in  which 


ft  - 


TT 


(39) 


and  Y ■ M/Mp.  Here,  as  before,  the  Mass  Mp,  the  quantity  NRJ  (Eq.  20),  and 
the  frequency  ratio  E * wjj/w0»  relate  to  the  undivided  plate  having  sides 
of  lengths  a and  iia.  Finally,  the  paraaeter  (n*a')  in  Eq.  37  is  specified 
by  Eqs.  15-18  in  which  a is  replaced  by  a'  » a/2. 

Transmissibility  calculations  that  have  been  Bade  froa  Eq.  36  for  a 
square  plate  (y  * 1.0)  having  square  quadrants  are  plotted  in  Fig.  7.  For 
both  curves  of  this  figure,  the  mass  and  frequency  Tatios  y ■ S ■ 4;  the 
plate  daaping  factors  <5g  ■ * 0.01,  as  in  all  previous  calculations.  The 

■ounts  are  also  located  as  they  were  on  the  undivided  plates.  Thus,  the 
solid  and  dashed  curves  have  been  calculated  for  h ,/a'  ■ h ,/a'  ■ 1/2  and 

* y 

2/3  — values  for  which  the  Mount  locations  Match  those  utilized  in  Figs.  3 
and  4,  respectively.  The  fiindanental  resonance  of  the  quadrant  plates  is 
seen  to  occur  at  a frequency  that  is  essentially  four  tines  higher  than 
that  of  the  fundaaental  plate  resonance  evident  in  the  prior  figures; 
naaely,  it  occurs  where  ft  z 16,  as  expected.  Moreover,  for  both  aount 
locations,  the  quadrant -plate  resonances  excited  are  only  one  third 
as  nuaerous  as  the  resonances  evident  in  Figs.  3 and  4 through  the  saae 
frequency  range  of  calculation. 


IS 


I 
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The  judicious  aount  locations  of  Fig.  4 have  regained  equally  effective 
in  Fig.  7 and  have  resulted  in  the  appearance  in  the  dashed  curve  of  only 
three  quadrant-plate  resonances,  except  for  ainute  responses  froa  the 
[(2,1), (1*2)],  (2,2)  aodes  where  fl  s 40  and  64.  (These  nodes,  which  are 
nonsywaetrical,  would  not  be  excited  were  the  quadrant  plates  unconstrained 
by  the  antivibration  aounts.)  Effectively,  then,  only  the  (1,1),  [(5,1), 
(1,5)],  and  [(7,1) , (1,7) , (5,5) ] nodes  of  the  quadrant  plates  give  rise  to 
resonances  in  the  dashed  curve  of  Pig.  7,  and  the  excitation  of  the  [(3,1), 
(1,3)1,  (3,3),  and  [(5,3), (3,5)1  aodes  at  intervening  frequencies  has  been 
avoided  because  the  antivibration  aounts  have  been  located  at  points  on 
nodal  lines  of  these  aodes.  Although  the  predicted  perfoxaance  of  the 
quadrant  plates  does  require  that  the  supporting  cross  aeabers  [Fig.  5(b)] 
reaain  rigid,  the  use  of  such  plates  appears  to  represent  one  effective 
approach  to  aounting  aachinery  on  platelike  floor  areas. 


4.  RECTANGULAR  PLATES 

Rectangular  plates  having  identical  aspect  ratios  w ■ 1/2  are  con- 
sidered in  this  final  Section.  Hie  effectiveness  of  aounting  aachinery 
on  quadrant  plates  is  illustrated  again  in  Fig.  8.  Hie  value  of  attaching 
dynamic  vibration  absorbers  or  luaped  aasses  to  undivided  plates  at  each 
aount  location  is  demonstrated  subsequently. 

Hie  transaissibility  curves  of  Fig.  8 have  been  deterained  for  new 
values  of  the  aass  and  frequency  ratios  y ■ M/Mp  • 6 and  E • ■ 5, 

and  for  values  of  the  aount  and  plate  dating  factors  6g  • 0.05  and 
dE  ■ ■ 0.01  that  will  be  utilized  throughout  this  Section.  Hie  solid 

curve  relates  to  the  aounting  configuration  of  Fig.  1(a),  where  eight 
antivibration  aounts  are  uniformly  spaced  beneath  the  item  of  aachinery 
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such  that  hlx  • 0.2a,  h2x  ■ 0.4a,  and  hJy  ■ l»2y  • ya/3  - a/6.  The  dashed 
curve  shows  how  the  ntasber  of  transaissibility  peaks  can  be  reduced  signi- 
ficantly if  four  antivibration  Mounts  are  deployed  on  the  quadrant  plates 
of  Fig.  5(b)  such  that  h , ■ 2a'/3,  h , » 2ya'/3  ■ a'/3.  For  these 
judicious  Mount  locations,  as  before,  the  (3,1), (1,3), (3, 3), (5, 3),..., 

Modes  of  the  quadrant  plates  (y  ■ 1/2)  are  not  excited. 

i 

For  the  undivided  plate,  the  fundaMental  resonance  that  occurs  at  the 
frequency  is  the  Most  pronounced  and  potentially  the  Most  troublesoae 
plate  resonance  encountered.  Here,  in  Fig.  8,  the  severe  loss  in  isolation 
observed  at  the  frequency  has  been  Mitigated  by  the  introduction  of  the 
quadrant  plates.  Thus,  the  transaissibility  peak  at  the  fundamental 
resonance  of  the  quadrants  (ft  = 20)  lies  soae  13.5  dB  beneath  the  peak  at 
the  fundamental  resonance  of  the  undivided  plate  (ft  = 6) , even  though  it 
reaains  essentially  as  "abrupt"  as  before. 

Peak  values  of  transaissibility  can  also  be  reduced  effectively  by 
attaching  dynamic  vibration  absorbers  to  the  undivided  plate,  for  example, 
at  all  four  Mount  locations.  One  such  dynamic  absorber  is  shown  in  the 
broken  area  of  Fig.  9(a).  The  four  dynamic  absorbers  have  identical 
design,  and  each  comprises  a limped  mass  that  is  connected  by  a spring 
of  stiffness  and  a dashpot  having  a coefficient  of  viscosity  na  to  the 
plate,  the  motion  of  which  is  excessive  at  some  resonant  frequency  that, 
in  this  instance,  is  taken  to  be  u^.  The  absorbers  are  tuned  to  resonate 
at  a frequency  neighboring  at  which  their  motion  becomes  relatively 
large,  whereas  the  motion  of  the  plate  and  the  force  transmitted  to  its 

u 

boundaries  are  minimized.  The  absorbers  have  natural  frequencies  u>a  ■ (J^/M^)^ 
and  dating  ratios  6.  • (n  /n„)  ■ (w  n /2K  ) , where  n is  the  value  of  the 

M A W AS  • dbW 

coefficient  of  viscosity  required  to  da^  the  absorbers  critically.2 
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The  fore*  transnissibility  across  the  Mounting  system  of  Fig.  9(a) 
(Introduction)  can  be  expressed  as  follows: 


T ■ 


r-5 zs r- 

{[i  - (n  nu  - yA  e ) - yC  } 


(40) 


• * 
where  Q , y,  T , 


C 


are  given  by  Eqs.  6,  14,  23,  and  24,  and 
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In  these  equations 
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where  Q and  5 are  again  related  by  Eq.  19.  The  so-called  tuning  ratio 
m>/w11  and  the  it— ping  ratio  <R  are  design  paraaeters  of  the  dynamic 
absorbers,  and  the  choice  of  suitable  values  for  th—  is  important  if  the 
full  effective— s of  the  absorbers  is  to  be  realised.  The  values  chosen 
in  this  situation  are  those  determined  previously  for  a single  absorber7 
attached  to  the  midpoint  of  a rectangular  plate  that  is  driven  ceu trally 
by  a vibratory  point  farce.  Although  four  dynamic  absorbers  are  now 
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attached  to  a plate  that  is  driven  simultaneously  by  four  noncentral  point 
forces,  the  absorber  tuning  and  damping  ratios  established  previously7 
have  been  found  to  yield  very  satisfactory  results  in  the  present 
situation.  (Note  that  the  tuning  and  damping  ratios  should  relate  to 
an  absorber  of  mass  M^,  not  4M^.  For  example,  if  y^  ■ 4Ma/Mp  ■ 0.2,  the 
appropriate  values  of  w^/utjj  * 0.869  and  <SR  « 0.268  are  those  tabulated 
in  Ref.  7 for  an  absorber  of  mass  » 0.05  Hp  that  is  attached  to  a 
rectangular  plate  of  aspect  ratio  y ■ 1/2.  Equally  massive  absorbers 
attached  to  square  plates,  and  to  rectangular  plates  of  other  aspect 
ratios,  would  employ  similar  values  of  w^/w^  and  6R.) 

The  effectiveness  of  the  dynamic  absorbers  is  illustrated  in  Fig.  10, 
where  the  dashed  curve  relates  to  the  transadssibility  across  the  mounting 
system  of  Fig.  1(b)  supported  by  a rectangular  plate  for  which  y • 6, 

S ■ 5,  and  y * 1/2.  The  four  antivibration  mounts  are  again  located 
judiciously  where  h ^/a  ■ h^/ya  - 1/3.  The  solid  curve  predicts  the 
transmissibility  across  a duplicate  mounting  system  to  which  four  dynamic 
absorbers  have  been  attached  in  the  manner  of  Fig.  9(a).  The  absorbers 
have  the  mass  ratio  y^  » 0.2,  so  that  the  appropriate  values  of  oj^/oj^ 
and  6r  are  those  specified  in  the  foregoing.  Although  each  absorber  has 
only  five  percent  of  the  plate  mass,  the  absorbers  are  highly  effective 
in  suppressing  the  fundamental  plate  resonance  to  which  they  are  tuned. 

In  fact,  the  transmissibility  peak  where  ft  * 6 has  essentially  been 
suppressed  by  a factor  of  ten  in  magnitude.  Moreover,  as  observed  pre- 
viously for  foundation  beam  with  damped  terminations,6  the  relatively 
large  damping  ratio  of  the  absorbers  is  also  markedly  effective  in 
suppressing  the  plate  resonances  at  higher  frequencies,  particularly 
those  adjoining  uijj.  It  is  encouraging  that  the  practical  design  of 
absorbers  to  sippmi  resonant  floor  notion  has  been  discussed  in 
Refs.  lad*. 
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Finally,  it  is  instructive  to  consider  plates  that  are  aass  loaded  at 
each  mount  location,  as  in  Fig.  9(b).  The  transaissibility  in  this  case 
follows  readily  from  Eq.  40  when  it  is  recognized  that  the  dynamic  absorbers 
of  Fig.  9(a)  will  degenerate  into  lumped  masses  Mft  if  the  absorber  springs 
or  darters  are  made  infinitely  stiff  or  viscous.  In  either  case,  the 
parameter  8 ■ 1.0  in  Eq.  41.  No  other  modification  is  required.  Rep- 

i 

resentative  calculations  of  transaissibility  appear  in  the  final  Fig.  11, 
where  the  dashed  curve  shows  the  transaissibility  across  the  basic  mount- 
ing system  of  Fig.  1(b)  for  which  y ■ 1/2.  Once  again,  y • 5 ■ 4,  and  the 
antivibration  mounts  are  judiciously  located  where  h^/a  ■ h y/ya  - 1/3. 

The  transaissibility  across  an  identical  mounting  system  to  which  lumped 
masses  have  been  added  at  each  mount  location,  as  in  Fig.  9(b)  is  shown 
by  the  solid  curve.  The  total  added  mass  is  equal  to  that  of  the  mounted 
item  of  machinery;  namely,  y^  » 4M#/Mp  ■ 4.  Use  of  such  heavy  aass  load- 
ing is  necessary  if  the  overall  level  of  the  transaissibility  curve  is  to 
be  reduced  significantly.  For  a value  of  y#  » 1.0,  the  resultant 
transaissibility  curve  would  lie  approximately  halfway  between  the  solid 
and  dashed  curves  at  frequencies  above  the  fundamental  plate  resonance 
(Q  * 3).  Adoption  of  a mass  ratio  as  small  as  0.2  — that  of  the  dynamic 
absorbers  utilized  previously  — would  be  ineffectual  in  reducing  trans- 
missibility  much  below  the  level  of  the  dashed  curve,  except  at  very  high 
frequencies  where  the  impedance  of  the  loading  masses  would  eventually 
predominate  the  plate  impedance. 

The  masses  shift  the  plate  resonances  and  the  accompanying  trans- 
aissibility peaks  to  lower  frequencies,  as  the  solid  curve  (y^  ■ 4)  of 
Fig.  11  indicates.  Such  a frequency  shift,  which  is  always  apparent  when 
a structure  is  aass  loaded,2'6*7  has  the  detrimental  effect  here  of 
increasing  the  level  of  the  transaissibility  peak  at  the  frequency 
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of  the  fundamental  plate  resonance.  However,  at  higher  frequencies,  adoption 
of  the  substantial  mass  ratio  has  provided  very  large  reductions  in  trans- 
aissibility.  In  fact,  no  tTansaissibility  peaks  are  evident  (within  the  dB 
range  considered)  once  the  frequency  ratio  ft  > 88.  Although  the  use  of 
quadrant  plates  would  yield  considerably  fewer  transaissibility  peaks  than 
presently  appear  in  the  dashed  curve  of  Fig.  11,  it  should  be  recognized 
that,  for  the  quadrant  plates,  the  transaissibility  would  follow  the  level 
of  the  dashed  curve  rather  than  the  greatly  reduced  level  of  the  solid 
curve  for  the  aass-loaded  plate  of  Fig.  9(b). 


ACKNOWLEDGMENTS 

The  assistance  of  Adah  A.  Wolfe  in  obtaining  the  results  presented 
graphically  in  this  paper  is  acknowledged  with  gratitude.  The  investigation 
was  sponsored  jointly  by  the  U.  S.  Naval  Sea  Systems  Coaaand  and  the  U.  S. 
Office  of  Naval  Research. 


% 

21 


REFERENCES 


1.  Symbols  with  a star  superscript  denote  complex  quantities;  symbols  with 
a superior  tilde  denote  sinusoidally  varying  quantities. 


2.  J.  C.  Snowdon,  Vibration  and  Shock  in  Damped  Mechanical  Systems  (John 
Wiley  and  Sons,  Inc.,  New  York,  1968). 

3.  R.  L.  Kerlin  and  J.  C.  Snowdon,  "Driving-Point  Impedances  of  Cantilever 
Beams  — Comparison  of  Measurement  and  Theory,"  J.  Acoust.  Soc.  Am.  47, 
220-228  (1970). 

4.  J.  B.  Ochs  and  J.  C.  Snowdon,  "Transmissibility  Across  Simply  Supported 
Thin  Plates:  I,  Rectangular  and  Square  Plates  with  and  without  Damping 
Layers,"  J.  Acoust.  Soc.  Am.  58,,  832-840  (1975). 

5.  J.  C.  Snowdon,  "Forced  Vibration  of  Internally  Damped  Rectangular  and 
Square  Plates  with  Simply  Supported  Boundaries,"  J.  Acoust.  Soc.  Am.  56, 
1177-1184  (1974). 

6.  J.  C.  Snowdon,  "Isolation  of  Machinery  Vibration  from  Nonrigid  Sub- 
structures Using  Multiple  Antivibration  Mountings,"  contribution  to 
Isolation  of  Mechanical  Vibration,  Impact,  and  Noise,  edited  by 

J.  C.  Snowdon  and  E.  E.  Ungar  (American  Society  of  Mechanical  Engineers, 
New  York,  September,  1973)  Chap.  5,  pp.  102-127. 

7.  J.  C.  Snowdon,  "Vibration  of  Simply  Supported  Rectangular  and  Square 
Plates  to  which  Lumped  Masses  and  Dynamic  Vibration  Absorbers  are 
Attached,"  J.  Acoust.  Soc.  Am.  57,  646-654  (1975). 

8.  K.  H.  Lenzen,  "Vibration  of  Steel  Joist-Concrete  Slab  Floors,"  AISC 

Eng.  J.,  3,  133-136  (1966).  & 


t 


d 


Diagnosis 


D.  L.  Allen  and  J.  C.  Swallow,  "Annoying  Floor  Vibrations 
and  Therapy,"  Sound  and  Vib.  Mag.  9,  No.  3,  12-17  (1975). 


23 


I 

FIGURE  LEGENDS 

Fig.  1 Rectangular  plates  with  simply  supported  boundaries,  mass  Mp,  and 
sides  of  lengths  a and  ya.  A vibrating  item  of  machinery  of 
mass  M is  supported  (a)  by  eight,  and  (b)  by  four,  symmetrically 
located  antivibration  mounts,  each  of  complex  stiffness  K*. 

Fig.  2 Force  transmissibility  across  the  mounting  system  of  Fig.  1(a) 

supported  by  a square  plate  (y  ■ 1.0).  Antivibration  mounts  are 
uniformly  spaced  such  that  hlx  ■ 0.2a,  hly  - ya/3  ■ a/3,  and 
hjjj  * 0.4a,  h2y  ■ a/3.  Mass  ratio  y ■ M/Mp  ■ 4;  frequency  ratio 
5 ■ ■ 4;  mount  and  plate  damping  factors  <5K  * 0.05  and 

<5g  ■ fig  * 0.01. 

Fig.  3 Force  transaviasibility  across  the  mounting  system  of  Fig.  1(b) 
supported  by  a square  plate.  Antivibration  mounts  are  located 
such  that  h^  » hy  ■ 0.25a.  The  parameters  y * E ■ 4,  6^  ■ 0.05, 
and  » 0.01. 

Fig.  4 Force  transmissibility  across  the  mounting  system  of  Fig.  1(b) 

supported  by  a square  plate.  Antivibration  mounts  are  judiciously 

located  such  that  h » h - a/3.  The  parameters  y ■ S » 4, 

7 

- 0.05,  and  6E  ■ 6G  « 0.01. 

Fig.  5 (a)  A circular  plate*  and  (b)  a rectangular  plate  divided  into 

quadrants.  The  plates  have  simply  supported  boundaries  and  mass 
Mp.  The  circular  plate  of  radius  a'  is  excited  by  forces  from 
four  anti  vibration  mounts  symmetrically  located  at  a distance 
from  the  plate  center.  The  identical  quadrant  plates,  which 
have  sides  of  lengths  a'  and  ya',  are  likewise  excited  by 
forces  from  four  synetrically  located  antivibration  mounts. 

I 


I 
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FIGURE  LEGENDS  — CONTINUED 

Fig.  6 Force  transmissibility  across  a mounting  system  supported  by  four 
antivibration  mounts  on  the  circular  plate  of  Fig.  5(a).  For  the 
solid  curve  (y  » 0.7071),  the  mount  locations  coincide  with  those 
utilized  in  the  calculations  of  Fig.  3.  For  the  dashed  curve 
(y  » 0.4414),  the  moults  lie  on  the  nodal  circle  of  the  second 
syMMtrical  plate  mode,  which  is  consequently  not  excited.  The 
parameters  y ■ 5 ■ 4,  6K  ■ 0.05,  v ■ 1/3,  and  5g  ■ ■ 0.01. 

Fig.  7 Force  transmissibility  across  a mounting  system  supported  by  four 
antivibration  mounts  on  the  quadrant  plates  of  Fig.  5(b)  when 
y ■ 1.0  (square  quadrants).  For  the  solid  and  dashed  curves 
(h  , • h , » a'/2  and  2a'/3,  respectively),  the  mount  locations 

* 7 

coincide  with  those  utilized  in  the  calculations  of  Fig.  3 and  4. 

The  parameters  y ■ E * 4,  5^  « 0.05,  and  ■ fig  » 0.01. 

Fig.  8 Force  transmissibility  across  the  mounting  system  of  Fig.  1(a) 

supported  by  a rectangular  plate  for  which  y ■ 1/2  (solid  curve). 

Eight  antivibration  mounts  are  uniformly  spaced  such  that 
hlx  ■ 0.2a,  hjy  ■ ya/3  ■ a/6,  and  h2x  ■ 0.4a,  h2y  ■ a/6.  The 
dashed  curve  shows  the  force  transmissibility  across  a mounting 
system  supported  by  four  antivibration  mounts  on  the  quadrant 
plates  of  Fig.  5(b)  when  y - 1/2.  The  mounts  are  located  such 
that  h , ■ 2a'/3,  h , ■ 2ya'/3  « a'/3.  For  both  curves,  the 

* 7 

parameters  y ■ 6,  E ■ 5,  6^  ■ 0.05,  and  ■ 0.01. 

Fig.  9 Vibrating  item  of  machinery  of  mass  M supported  by  four  syawtrically 
located  antivibration  mounts,  each  of  coaplex  stiffness  K , on 
rectangular  plates  with  simply  supported  boundaries,  mass  Mp,  and 
sides  of  lengths  a and  ya.  (a)  Dynamic  vibration  absorbers  of 


FIGURE  LEGENDS  — CONTINUED 


mass  M^,  and  (b)  lumped  loading  aasses  are  attached  to  the 
plates  at  each  aount  location. 

Fig.  10  Force  transaissibility  across  the  aounting  system  of  Fig.  9(a) 

supported  by  a rectangular  plate  for  which  y ■ 1/2  (solid  curve). 
Mounts  and  dynaaic  absorbers  are  located  such  that  hx  » a/3, 
hy  ■ ya/3  ■ a/6.  For  the  dynamic  absorbers,  ■ AM^/Mp  ■ 0.2, 
u^/bijj  ■ 0.869,  and  6R  » 0.268.  The  paraaeters  y ■ 6,  5 ■ 5, 

6g  ■ 0.05,  and  6g  ■ 6Q  » 0.01.  The  dashed  curve  shows  the 
transaissibility  across  the  same  aounting  system  when  the 
absorbers  are  absent  (y^  - 0). 

Fig.  11  Force  transaissibility  across  the  aounting  system  of  Fig.  9(b) 
supported  by  a rectangular  plate  for  which  y » 1/2  (solid 
curve).  Mounts  and  lusted  aasses  are  located  such  that 
hx  « a/3,  hy  • ya/3  - a/6.  The  paraaeters  ya  ■ 4Ma/Mp  • *• 
y • S » 4,  ■ 0.05,  and  6g  ■ 6^  ■ 0.01.  The  dashed  curve 

shows  the  transaissibility  across  the  saae  aounting  system 
when  the  loading  aasses  are  absent  (y  » 0). 
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